VOLUME PRESERVING DIFFEOMORPHISMS WITH 
INVERSE SHADOWING 



MANSEOB LEE 

Abstract. Let / be a volume-preserving diffcomorphism of a 
closed C°° n-dimensional Ricmannian manifold M. In this paper, 
we prove the equivalence between the following conditions: 

(a) / belongs to the C 1 -interior of the set of volume- preserving 
diffcomorphisms which satisfy the inverse shadowing property 
with respect to the continuous methods, 

(b) / belongs to the C 1 -interior of the set of volume-preserving 
diffcomorphisms which satisfy the weak inverse shadowing 
property with respect to the continuous methods, 

(c) / belongs to the C 1 -interior of the set of volume-preserving 
diffcomorphisms which satisfy the orbital inverse shadowing 
property with respect to the continuous methods, 

(d) / is Anosov. 



1. Introduction 

Let M be a closed C°° n-dimensional Riemannian manifold, and 
let Diff(M) be the space of diffeomorphisms of M endowed with the 
C 1 -topology. Denote by d the distance on M induced from a Riemann- 
ian metric || • || on the tangent bundle TM. Let / : M — > M be a 
diffeomorphism, and let A C M be a closed /-invariant set. 

For 5 > 0, a sequence of points {x,i\ b i=a {— oo < a < b < oo) in M is 
called a S-pseudo orbit of / if d(f(xi), x i+ i) < S for all a < % < b — 1. 
We say that / has the shadowing property on A if for any e > there 
is 5 > such that for any 5-pseudo orbit {xi} ie z C A of / there 
is y G M such that d(f l (y),Xi) < e, for % 6 Z. Note that in this 
definition, the shadowing point y G M is not necessarily contained in 
A. We say that / belongs to the C 1 -interior shadowing property if there 
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is a (^-neighborhood U(f) of / such that for any g G U(f), g has the 
shadowing property. 

The shadowing property usually plays an important role in the in- 
vestigation of stability theory and ergodic theory ([II]). 

Now, we introduce the notion of the inverse shadowing property 
which is a " dual" notion of the shadowing property. Inverse shadowing 
property was introduced by Corless and Pilyugin in jl], and the qual- 
itative theory of dynamical systems with the property was developed 
by various authors(see [21 HJ 13 El El EES]- In this paper, we introduce 
the various inverse shadowing property. 

Let M z be the space of all two sided sequences £ = {x n : n G Z} 
with elements x n G M, endowed with the product topology. For a fixed 
5 > 0, let $/(<5) denote the set of all 5-pseudo orbits of /. A mapping 
ip : M — >■ C M z is said to be a S-method for / if (p(x) = 

x, and each <p(x) is a <5-pseudo orbit of / through x, where (p(x)o 
denotes the 0-th component of <p{x). For convenience, write <p{x) for 
{<p(x)k}kez- The set of all 5-methods for / will be denoted by %(f, 5). 
Say that ip is continuous S-method for / if </? is continuous. The set of all 
continuous 5-methods for / will be denoted by T c (f, S). If g : M — >■ M 
is a homeomorphism with do(f,g) < 5 then g induces a continuous 
(5-method <p g for / by defining 

<p g (x) = {g n (x) : n G Z}. 

Let 7h(f, 8) denote the set of all continuous 5- methods <p g for / which 
are induced by a homeomorphism g : M — > M with d (f,g) < 5, 
where d is the usual C°-metric. Let Td(f, 8) denote by the set of all 
continuous 5-methods (p g for / which are induced by g G Diff(M) with 
di(f,g) < 5- Then clearly we know that 

T d (f) c %{f) c %{f) c %(f), 

Ta{f) = Us>oTa(f, S),a = 0, c, h, d. Let A be a closed /-invariant set. 
Denote /|a by the restriction of / to a subset A of M. We say that 
/ has the inverse shadowing property on A with respect to the class 
T a {f),ct = 0,c,h,d, if for any e > there exists 5 > such that for 
any 5-method ip G T a (f,S), and for a point x G A there is a point 
y G M such that 

d(f k (x),<p g (y) k ) < e, keZ. 

We say that / has the weak inverse shadowing property on A with 
respect to the class T a (f),a = 0,c,h,d, if for any e > there exists 
5 > such that for any 5-method ip G T a (f,S) and any point x G A 
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there is a point y £ M such that 

<p(y) C B e (O f (x)), 

where B e (A) = {x G M : d(x, A) < e}. If A = M then / has the inverse, 
weak inverse shadowing property with respect to the class T a (f),a = 
0, c, h, d. 

Note that if / G Diff(M) has the inverse shadowing property with 
respect to the class Td(f) then by the definition, it clearly, has the weak 
inverse shadowing property with respect to the class 7d(f)- We say that 
/ has the orbital inverse shadowing property on A with respect to the 
class T a (f), ct = 0, c, h, d, if for any e > there is a 5 > such that for 
any 5-method tp G 7~ a (f, 8) and a point x G A there is a point y G M 
such that 

O f {x)<zB t {tp{v)) and ^)c5 e (0/(i)). 

If A = M then / has the orbital inverse shadowing property with 
respect to the class T a (f), a = 0, c, h, d. 

Note that if / has the inverse shadowing property with respect to 
the class 7d(f), then it has the orbital inverse shadowing property with 
respect to the class 7d(f)- But, the converse does not holds, indeed, 
an irrational rotation on the unit circle has the orbital inverse shadow- 
ing property but does not have the inverse shadowing property with 
respect to the class 7d(/). We say that / belongs to the C 1 -interior 
inverse(weak inverse, or orbital inverse) shadowing property with re- 
spect to the class T a (f),oi = 0,c,h,d, if there is a C 1 -neighborhood 
U(f) of / such that for any g G U(f), g has the inverse(weak in- 
verse, or orbital inverse) shadowing property with respect to the class 
T a (f),a = 0,c,h,d. 

Lee [8], showed that a diffeomorphism belongs to the C 1 -interior 
inverse shadowing property with respect to the 7d(f) if and only if it 
is structurally stable. And Pilyugin [15] proved that a diffeomorphism 
belongs to the C 1 -interior inverse shadowing property with respect to 
the class T c (f) if and only if it is structurally stable. Thus we can 
restate the above facts as follows. 

Theorem 1.1. Let f G Diff(M). A diffeomorphism f belongs to the 
C 1 -interior inverse shadowing property with respect to the class 7d(f) [resp. 
7~ c (f)] if and only if it is structurally stable. 

In [3] Choi, Lee and Zhang showed that a diffeomorphism belongs 
to the C 1 -interior weak inverse shadowing property with respect to 
the 7~d{f) if and only if both Axiom A and the no-cycle condition. 
Moreover, they proved that a diffeomorphism belongs to the C 1 -interior 
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orbital inverse shadowing property with respect to the class 7d(f) if an d 
only if both Axiom A and the strong transversal condition. From the 
above facts, we get the follows. 

Theorem 1.2. Let f £ Diff(M). If a diffeomorphism f belongs to the 
C 1 -interior weak inverse shadowing property with respect to the class 
Td(f) then f satisfying both Axiom A and the no-cycle condition. More- 
over, if f belongs to the C 1 -interior orbital inverse shadowing property 
with respect to the class Td(f) then it is structurally stable. 

By the theorem, even though a diffeomorphism is contained in the 
C 1 -interior of the set of diffeomorphisms possessing the weak inverse 
shadowing property with respect to the class 7d(f), it does not neces- 
sarily satisfy the strong transversality condition. 

A periodic point p of / is hyperbolic if Df n ^ has eigenvalues with 
absolute values different of one, where n(p) is the period of p. Denote 
by J-"(M) the set of / £ Diff(M) such that there is a C 1 -neighborhood 
U(f) of / such that for any g £ U(f), every p £ P(g) is hyperbolic. It 
is proved that by Hayashi [B] that / £ F(M) if and only if / satisfies 
both Axiom A and the no-cycle condition. 

Let A be a closed / £ Diff (M)-invariant set. We say that A is 
hyperbolic if the tangent bundle T\M has a .D /-invariant splitting E S (B 
E u and there exists constants C > and < A < 1 such that 

HAd-TUsII ^ cxn and IIAo.r n U«|| <c\ n 

for all x £ A and n > 0. If A = M then we say that / is an Anosov 
diffeomorphism. 

2. Statement of the results 

A fundamental problem in differentiable dynamical systems is to un- 
derstand how a robust dynamic property on the underlying manifold 
would influence the behavior of the tangent map on the tangent bun- 
dle. For instance, in Mane proved that any C 1 structurally stable 
diffeomorphism is an Axiom A diffeomorphism. And in [T3], Palis ex- 
tended this result to fi-stable diffeomorphisms. 

Let M be a compact C°° n-dimensional Riemannian manifold en- 
dowed with a volume form u. Let \i denote the measure associated to 
cu, that we call Lebesgue measure, and let d denote the metric induced 
by the Riemannian structure. Denote by Diff (U (M) the set of diffeo- 
morphisms which preserves the Lebesgue measure \x endowed with the 
C 1 -topology In the volume preserving, the Axiom A condition is equiv- 
alent to the diffeomorphism be Anosov, since fi(/) = M by Poincare 
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Recurrence Theorem. The purpose of this paper is to do this using the 
robust property. 

We define the set J-^M) as the set of diffeomorphisms / G Diff^(M) 
which have a C 1 -neighborhood U{f) C Diff /Lt (M) such that if for any 
g G U(f), every periodic point of g is hyperbolic. Note that J-'^(M) C 
J 7 (M)(see [B Corollary 1.2]). 

Very recently, Arbieto and Catalan [1] proved that if a volume pre- 
serving diffeomorphism contained in JF^M) then it is Anosov. Indeed, 
the first they used the Mane's resufts( [TTl Proposition II. 1]). Then they 
showed that P(f) is hyperbolic. And, they proved that nonwandering 
set = P(f) by Pugh's closing lemma. Finally, by Pincare 's Re- 
currence Theorem, £l(f) = M. From the above facts, we can restate as 
follows. 

Theorem 2.1. Any diffeomorphism in J-^(M) is Anosov. 

In [9], Lee showed that if a volume preserving diffeomorphisms be- 
longs to the C -interior expansive or C -interior shadowing property, 
then it is Anosov. And [10] proved that if a volume preserving dif- 
feomorphisms belongs to the C 1 -interior weak shadowing property or 
C 1 -interior weak limit shadowing property, then it is Anosov. Form 
this results, we study the cases when a volume preserving diffeomor- 
phism / is in C 1 -interior various inverse shadowing property with re- 
spect to the class Td(f), then it is Anosov. Let intXS^M) be denote 
the set of volume preserving diffeomorphisms in Diff At (M) satisfying 
the inverse shadowing property with respect to the class Td, and let 
intWTS^M) [respect. intOTS ^(M)] be denote the set of volume- 
preserving diffeomorphisms in Diff M (M) satisfying the weak inverse 
shadowing property with respect to the class Td [respect, the orbital 
inverse shadowing property with respect to the class Td] ■ From now, 
we only consider the class Td when we mention the inverse shadowing 
property; that is, the "inverse shadowing property" implies the " in- 
verse shadowing property with respect to the class Td" ■ Now we are in 
position to state the theorem of our paper. 

Theorem 2.2. Let f G Diff M (M). We has that 

intlS „(M) = mtOlS^M) = intWlS^M) = Mf^M), 

where AN \{M) is the set of Anosov volume preserving diffeomorphisms 
in Difi>(M). 

3. Proof of Theorem 12.21 

Let M be a compact C°° n-dimensional Riemannian manifold en- 
dowed with a volume form u, and let / G Diff M (M). To prove the 
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results, we will use the following is the well-known Franks' lemma for 
the conservative case, stated and proved in [21 Proposition 7.4]. 

Lemma 3.1. Let f G Diff (M), and U be a C 1 -neighborhood of f 
in Diff* (M). Then there exist a C 1 -neighborhood Uq C U of f and 
e > such that if g G IAq, any finite f -invariant set E = {x\, . . . , x m }, 
any neighborhood U of E and any volume-preserving linear maps Lj : 
T Xj M — >• T g ( Xj )M with \\Lj — D Xj g\\ < e for all j = 1, . . . , m, there is a 
conservative diffeomorphism g\ G U coinciding with f on E and out of 
U, and D Xj gi = Lj for all j = 1, . . . , m. 

Remark 3.2. Let f G Diff* (M). From the Moser's Theorem(see [12] ). 
there is a smooth conservative change of coordinates tp x : U(x) —> T X M 
such that f x (x) = 0, where U(x) is a small neighborhood of x G M. 

Proposition 3.3. If f G intZS^(M), then every periodic point of f is 
hyperbolic. 

Proof. Take / G intXS^M), and U(f) a C 1 -neighborhood of / G 
intS^M). Let e > and V(/) C Uo(f) corresponding number and C 1 - 
neighborhood given by Lemma 13 . 1 1 To derive a contradiction, we may 
assume that there exists a nonhyperbolic periodic point p G P(g) for 
some g G V(/). To simplify the notation in the proof, we may assume 
that g(p) = p. Then there is at least one eigenvalue A of D p g such that 
|A| = 1. 

By making use of the Lemma 13.11 we linearize g at p with respect 
to Moser's Theorem; that is, by choosing a > sufficiently small we 
construct g\ C 1 -nearby g such that 

„ M-f % l ° D p9 ° Vp( x ) if x e B a{p), 
9l[X) - \ g(x) if ^ B Aa {p). 

Then gi(p) = g(p) = p. 

First, we may assume that A G R. Let v be the associated non- 
zero eigenvector such that \\v\\ = a/4. Then we can get a small arc 
X v = {tv : -1 < t < 1} C cp p (B a (p)). Take e 1 = a/8. Let < 6 < e x be 
the number of the inverse shadowing property of g\ for e\. Then by our 
construction of g\, (p~ l {T v ) C B a (p). Put J p = ip p (T v ). For the above 
5 > 0, we can define 7d(5'i)-method as follows; Let h G Diff M (M) such 
that 

h(x) = (xi + 5, Ax') and h~ l (x) = {x x + 5, A~ l x'), 

where x' = (x2,---,x n ) and A corresponding to |A| ^ 1. Clearly, 
di(gi, h) < 5, and h G 7d(<7i)- Let p = 0. Then choose x — {x\, 0, . . . , 0) G 
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J p such that d(0,x) = 2e\. Then 



d{h\G),g{{x)) = d(0,x) = 2ei. 



Thus gi does not have the inverse shadowing property. 

We take a point y — (yy, . . . , 0) G J p such that d(y, x) < e\. Then 
d(g l (x), h l (y)) = d(x, y\ + iS) and for some fceZ 



Thus does not have the inverse shadowing property. 

Therefore, we can choose a point y G M\J p such that <i(x, < ei. 
Since ^(y)) = . . . , 0), {y x + iS, A l x')) or 

d((xt, 0, . . . , 0), h\x)) = ((xi, 0, . . . , 0), (zi + iS, (A^V)), we can 
find fceZ such that 

d((x!, 0, . . . , 0), (xi + k6, A k x')) > e x or 

d((x u 0, . . . , 0), (xi + k5, (A' 1 ) V)) > ei. 

Thus (71 does not have the inverse shadowing property. This is a con- 
tradiction since / G intXS M (M) . 

Finally, if A G C, then to avoid the notational complexity, we may 
assume that g(p) = p. As in the first case, by Lemma |3.1[ there are 
a > and g\ G V(/) such that gx(p) = g(p) = p and 



With a C 1 -small modification of the map D p g, we may suppose that 
there is I > 0(the minimum number) such that D p g l {y) = v for any 
v G if p (B a (p)) C T P M. Then, we can go on with the previous argument 
in order to reach the same contradiction. Thus, every periodic point of 



Proposition 3.4. If f G intWXS M (M) then every periodic point of f 
is hyperbolic. 

Proof. Take / G intWXS^M), and U(f) a (^-neighborhood of / G 
intWXS ^(M). Let e > and V(/) C lA Q {f) corresponding number and 
C 1 -neighborhood given by Lemma 13.11 To derive a contradiction, we 
may assume that there exists a nonhyperbolic periodic point p G P(g) 
for some g G V(/). To simplify the notation in the proof, we may 
assume that g(p) = p. Then as in the proof of Proposition 13.31 we can 
take a > sufficiently small, and a smooth map (f p : B a (p) — > T P M. 
Then we can make an arc J v C B a (p) and for some g± G V(/). Take 
ei = (length^) /4. Let < 5 < e± be the number of the weak inverse 
shadowing property of g\ for e-y. Then we can construct a map h G 



d(x, y\ + k5) > a/8 = e±. 




f G intXS^M) is hyperbolic. 



□ 
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Diff(M) as in the proof of Propositio ri3.3l Let p = 0. Then choose a 
point x = (x±, 0, . . . , 0) G J p such that d(0, x) = 2e\. Since g\ has the 
weak inverse shadowing property, 

O h (0)cB ei (O gi (x)). 

However, for any y G J P) 

g\{y) = y and h\y) = {y x + i8, AV), 

where y' = (y 2 , ■ ■ ■ , y n )- Thus it easily see that 

O h (0)£B ei (O 91 (x)). 

If y = (y u 0, . . . , 0) e J p \ {p}, then 

/ i fc ( 2 /) = ( 2/1 + M,ylV) = (yi + H,0). 

Thus we know that 

This is a contradiction. 

Finally, we can choose a point y G M \ J p such that d(x,y) < e±. 
Then we know that 

h k (y) = ( yi + kS,A k y'). 

Therefore, 

ti(y) ? B ei (J p ), 

for some / G Z. Then 

O h (y)^S ei (O ffl (x)) = S ei (z). 

Thus gi does not have the weak inverse shadowing property. This is a 
contradiction. 

If A G C, then as in the proof of Proposition ^. 31 for g\ G V(/), we can 
take I > such that D p g[(v) = v for any v G <p p (B a (p)) C T p M. Then 
from the previous argument in order to reach the same contradiction. 
Thus, every periodic point of / G intWIS ^(M) is hyperbolic. 

Consequently, if / G intWXS^(M) then / G J>(M). 

□ 

Proposition 3.5. // / G intOXS^M) then every periodic point of f 
is hyperbolic. 

Proof. The proof is almost the same that of Proposition 13.41 In- 
deed, let / G intOXS^M), and U(f) a (^-neighborhood of / G 
intOXS n{M) . Let e > and V(/) C Uo(f) corresponding number and 
C 1 -neighborhood given by Lemma 13 . 11 To derive a contradiction, we 
may assume that there exists a nonhyperbolic periodic point p G P{g) 
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for some g G V(/). To simplify the notation in the proof, we may as- 
sume that g(p) = p. Then as in the proof of Proposition 13.41 we can 
take a > sufficiently small, and a smooth map (f p : B a (p) — > T p M. 
Then we can make an arc J v C B a (p) and for some g± G V(/). Take 
€\ = (length^) /4. Let < 5 < e\ be the number of the orbital in- 
verse shadowing property of g\ for e±. Then we can construct a map 
h G Diff(M) as in the proof of Propositior i3.4l Let p = 0. Then choose 
a point x = (x\, 0, . . . , 0) G J v such that d(0, x) = 2e x . Since g\ has the 
orbital inverse shadowing property, 

O h (0) C B ei (O gi (x)) and O gi (x) C B ei (O h (0)). 

However, for any y G J p , 

g[(y) = y and h\y) = ( Vl + iS, A l y'), 

where y' — (y2, ■ ■ ■ , y n )- Thus it easily see that 

O h (0) £ B ei (O gi (x)). 

Thus g\ does not have the orbital inverse shadowing property. 
If y = (</!,(),..., 0) G J p \{p}, then 

h k (y) = (y 1 + k5,A k y>) = (y 1 + k5,0). 

Thus we know that 

O h (y) £ B ei {O gi {x)). 

This is a contradiction. 

Finally, we can choose a point y G M ' \ J p such that d(x,y) < E\. 
Then we know that 

h k (y) = (y 1 + k5,A k y'). 

Therefore, 

ti{y)?B ei (J p ), 

for some / G Z. Then 

O h (y)^B ei (O fll (x)) = B ei (x). 

Thus gi does not have the orbital inverse shadowing property. This is 
a contradiction. 

If A G C, then as in the proof of Proposition E31 for gi G V(/), we can 
take / > such that D p g[(v) = v for any v G <p p (B a (p)) C T p M. Then 
from the previous argument in order to reach the same contradiction. 
Thus, every periodic point of / G intOTS P (M) is hyperbolic. □ 
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